
Interaction-controlled Brownian motion in a tilted periodic potential

Mykhaylo Evstigneev,* Sebastian von Gehlen, and Peter Reimann
Fakultät für Physik, Universität Bielefeld, 33615 Bielefeld, Germany

�Received 17 September 2008; published 14 January 2009�

The drift and diffusion of a few interacting, overdamped Brownian particles in a tilted periodic potential are
studied analytically and numerically. Both quantities exhibit a complex multipeaked structure as a function of
the equilibrium interparticle separation. Upon variation of the interaction strength, both drift and diffusion may
exhibit a nonmonotonic, resonancelike behavior.
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I. INTRODUCTION

The drift and diffusion of a single Brownian particle in a
tilted washboard potential represent a long-studied problem
in nonequilibrium statistical physics. It is of relevance in a
number of diverse research areas and belongs to the rare
problems which can be solved analytically. The expression
for the velocity in the overdamped limit was obtained by
Stratonovich some 50 years ago �1�, while an analytic result
for the diffusion coefficient was derived relatively recently
�2�.

In many physical situations one deals not with single
Brownian particles, but with arrays of a finite number of
interacting particles finding themselves in a periodic poten-
tial and acted upon by some external force. The problem of
coupled Brownian particles in a periodic structure is impor-
tant in a large number of fields. Examples include molecular
motors �3–14�, friction �15–21�, diffusion of dimers on sur-
faces �22–29�, diffusion of colloidal particles �30–32�, DNA
translocation through a nanopore �33�, charge density waves
�34,35�, and arrays of Josephson junctions �36,37�, to name
but a few. Many-particle systems may exhibit some features
not found in the single-particle counterparts, such as phase
transitions, spontaneous ratchet effects, and negative mobil-
ity �38�.

In the present work, we study the behavior of a one-
dimensional array of a finite, typically small, number of
overdamped Brownian particles in a tilted periodic potential.
Our system is closely related to the one investigated in Ref.
�29�. The difference of our model from the one considered in
that work is that, on the one hand, we restrict ourselves to the
case of the overdamped dynamics, while the authors of �29�
consider a more general case of arbitrary damping; on the
other hand, in Ref. �29�, the motion of a pair of interacting
particles is studied, whereas we do not impose any restriction
on the number of particles in the array. By numerically solv-
ing the underlying equations of motion, as well as by using
asymptotic analytic results for the velocity and diffusion co-
efficient at low and high coupling strength, we report and
qualitatively explain additional features of the system’s dy-
namics. Namely, we show that both velocity and diffusion
coefficient can be maximized with respect to the coupling
strength. Furthermore, we find that these characteristics ex-

hibit an interesting multipeaked dependence on the equilib-
rium interparticle separation.

II. MODEL

We consider an array of N interacting overdamped
Brownian particles in a one-dimensional, periodic potential,

U�x� = U�x + L� , �1�

tilted by a homogeneous, static force F. The equation of
motion for the coordinate xi of the ith particle is

�ẋi�t� = − U��xi�t�� + F −
�W„x1�t�, . . . ,xN�t�…

�xi
+ �2�T�i�t� .

�2�

Here, � is the friction coefficient and thermal fluctuations of
energy T are modeled as usual by Gaussian noises �i�t� with

��i�t�� = 0, ��i�t�� j�s�� = �ij��t − s� . �3�

The meaning of the coordinates xi depends on the concrete
problem at hand. For instance, in the studies �3–33� of mo-
lecular motors, sliding friction, diffusion of dimers and col-
loids, and DNA translocation, they represent the physical
coordinates of the respective components, such as heads of
the molecular motors, surface atoms, colloidal particles,
DNA segments, etc. In the models of pinned charge density
waves �34,35�, they represent the local phases thereof. Fi-
nally, in the arrays of Josephson junctions �36,37�, they stand
for the phase differences of the superconducting order pa-
rameter between both sides of the barrier.

The interaction potential W�x1 , . . . ,xN� in �2� is assumed
to be confining and translation invariant,

W�x1 + b, . . . ,xN + b� = W�x1, . . . ,xN� , �4�

W�x1, . . . ,xN� → � if �xi − xj� → � �5�

for all real b and all indices i� j. We furthermore assume
that W has a single minimum, such that in the absence of all
other forces, the particles are regularly spaced with period a
at the positions

xi
min = ia + x − �N + 1�a/2, �6�
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PHYSICAL REVIEW E 79, 011116 �2009�

1539-3755/2009/79�1�/011116�8� ©2009 The American Physical Society011116-1

http://dx.doi.org/10.1103/PhysRevE.79.011116


x ª
1

N
	
i=1

N

xi. �7�

An example is provided by the all-to-all harmonic coupling

W�
xi�� =
�

2 	
i=1

N

�xi − xi
min�2, �8�

where xi
min is related to the center of mass via Eq. �6�. Physi-

cally, this interaction may thus be viewed, e.g., as emerging
due to a rigid �but massless� “backbone,” to which the “par-
ticles” xi are attached via springs at regular distances a. Such
systems quite naturally arise, e.g., in the context of molecular
motors �3,4,6,13� and atomic friction �15,16,18–21�.

Our goal is to find the average velocity and diffusion co-
efficient of the center of mass �7� of the N-particle system
�2�,

v ª lim
t→�

�x�t��
t

, D ª lim
t→�

�x2�t�� − �x�t��2

2t
, �9�

and, in particular, their dependence upon the most important
system parameters. Unlike the majority of previous related
works, we assume free rather than periodic boundary condi-
tions and, most importantly, our main focus will not be on
the large-N limit but rather on quite small particle numbers.

Due to the internal degrees of freedom of the many-
particle system �2�, this problem is considerably more com-
plex than the single-particle counterpart. Therefore, an ana-
lytical treatment will be possible only in the situations when
the many-particle problem can be approximately reduced to
a single-particle one, namely, for asymptotically weak and
strong coupling. These analytical results will be derived in
the next section. In Sec. IV, we will present the results of our
numerical simulations of Eq. �2�, as well as of the analytic
approximations, to demonstrate and discuss some interesting
peculiarities of the diffusion of the many-particle system.

III. ANALYTICAL RESULTS

For a single, overdamped Brownian particle in a tilted
periodic potential �N=1 in Eqs. �2�–�7�� the mean velocity
from �9� is given by the exact analytical formula �1,2�

v1�
un�,T� =
1 − e−FL/T

�
x0

x0+L dx

L
I��x�

, �10�

for any choice of the reference point x0 and of the indices �
in

I��x� ª
T

�
�

0

L

dz exp
�
U�x� − U�x � z� − F�x − z�

T
� .

�11�

The subscript 1 in Eq. �10� indicates that the result applies to
a single particle and, for later convenience, we have explic-
itly indicated its dependence on temperature T and the Fou-
rier components un of the periodic potential:

U�x� = 	
n=−�

�

uneinqx, u−n = u
n
*, q ª

2	

L
. �12�

Likewise, the single-particle diffusion coefficient from Eq.
�9� is given by the exact analytical formula �2�

D1�
un�,T� =
T

�

�
x0

x0+L dx

L
I��x�I+�x�I−�x�


�
x0

x0+L dx

L
I��x��3 . �13�

A. Weak-coupling limit

In the absence of the interaction potential W in �2�, the N
individual particles are statistically independent of each other
and thus �xi�t�xj�t��= �xi�t���xj�t�� for all i� j and all times t.
Exploiting this fact after introducing Eq. �7� into �9� readily
yields the following result for the velocity and diffusion co-
efficient of the center of mass:

v = v1�
un�,T�, D =
D1�
un�,T�

N
. �14�

Turning to asymptotically weak but finite interactions, it
is intuitively quite plausible that the concomitant modifica-
tions of velocity and diffusion of the center of mass will also
be asymptotically small. Formally, this means that the limits
of vanishing interaction in �2� and of large times in �9� com-
mute. In other words, we expect the results �14� to remain
approximately valid for sufficiently weak interaction poten-
tials W. While we have no rigorous proof of this conjecture,
it is in full agreement with our extensive numerical explora-
tions.

B. Strong-coupling limit

For asymptotically strong coupling, the individual par-
ticles maintain fixed positions with respects to their common
center of mass, namely, xi

min from Eq. �6�. Hence we expect
that the center of mass behaves like one single, “big” Brown-
ian particle with some appropriately renormalized potential
and thermal noise.

To work out this program, it is convenient to change to
the shifted particle coordinates

x̃i ª xi − ia �15�

and their corresponding center of mass

x̃ ª
1

N
	
i=1

N

x̃i = x − �N + 1�a/2, �16�

where the last equality follows from �7� and �15�. In the new
coordinates, the equations of motion �2� assume the form

�ẋ̃i�t� = − U��x̃i�t� + ia� + F −
�W�
x̃j�t� + ja��

�x̃i

+ �2�T�i�t� .

�17�

Next, we sum over all i and divide by N, yielding �ẋ̃ on the
left-hand side. On the right-hand side, the sum over the in-
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teraction terms vanishes, as follows by differentiating �4�
with respect to b. The last arithmetic average of the N inde-
pendent, �-correlated Gaussian noises �i�t� results in N−1/2

times a single, �-correlated Gaussian noise ��t�. Specifically,
for asymptotically strong coupling it follows from xi=xi

min

�see above� together with �6�, �15�, and �16� that x̃i= x̃. All in
all, we thus find in the strong-coupling limit that

�ẋ̃�t� = − Ũ„x̃�t�… + F + �2�T/N��t� , �18�

with an effective potential

Ũ�x� ª
1

N
	
i=1

N

U�x + ia� �19�

whose Fourier components are related to those of the bare
potential in �12� via

Ũ�x� = 	
n=−�

�

ũneinqx, �20�

ũn = un
einqa

N

1 − eiqnNa

1 − einqa . �21�

In view of �16� one readily sees that the resulting drift and
diffusion for x̃ will be the same as those for x from �9�. Since
�18� represents an effective single-particle dynamics for x̃,
we can employ �10� and �13� to infer for the velocity and the
diffusion coefficient in the strong-coupling limit:

v = v1

ũn�,
T

N
�, D = D1

ũn�,

T

N
� . �22�

These expressions become exact for rigidly coupled par-
ticles. For large but finite coupling strengths, one can ap-
proximately account for the resulting small but fast fluctua-
tions of the individual particle positions around their
accompanying “strong-coupling equilibria” by integrating
over those fluctuations �23�. We do not present the corre-
sponding formulas, as we have found that all interesting ef-
fects are already captured by our leading-order expressions
�22�.

C. Symmetries

Focusing on the specific interaction potential from �8�, the
equations of motion �17� for the shifted particle coordinates
�15� can be rewritten �for arbitrary �� in the form

�ẋ̃i = − U��x̃i + ia� + F − ��x̃i − x̃� + �2�T�i�t� . �23�

It follows that the velocity and diffusion coefficient remain
unchanged if the equilibrium interparticle distance a is in-
creased by an integer multiple of the lattice constant L of the
potential: v�a+kL�=v�a�, D�a+kL�=D�a�. Furthermore,
changing a to −a is equivalent to renumbering the particles
in the reverse order, again leaving the physical properties,
such as v and D, unchanged. This implies the following sym-
metry property of the quantities of interest:

v�kL � a� = v�a�, D�kL � a� = D�a� �24�

for any integer k.

We remark that the symmetry property �24� is valid for
interactions �23� of arbitrary strength �. Moreover, the peri-
odic potential U�x� may be arbitrary, and, in particular, does
not need to be spatially symmetric.

IV. NUMERICAL RESULTS

To evaluate the velocity and diffusion coefficient from
numerical simulation of Eq. �2�, direct application of the
definition �9� is somewhat inconvenient. This is so because,
in general, the numerical effort to reach good convergence is
quite high and, in particular, the time necessary for conver-
gence of the quantities �x�t�� / t and Š�x�t�− �x�t���2

‹ /2t is dif-
ferent for differently chosen parameter values. Therefore, we
have employed an alternative numerical procedure based on
the relations from �2� between v and D and the first two
moments of the time necessary for the center of mass to
cover the distance kL, where k is an integer:

v =
kL

�t�x0 → x0 + kL��
,

D =
�kL�2

2

�t2�x0 → x0 + kL�� − �t�x0 → x0 + kL��2

�t�x0 → x0 + kL��3 . �25�

These relations are strictly valid if the transitions by the dis-
tance kL are statistically independent events �2�; in other
words, information about the state of the system before the
transition is lost after the transition. This is the case for one-
particle systems for any value of k; hence, for a single par-
ticle, one can take its smallest value, k=1. For a system
consisting of several Brownian particles, this is not the case,
because the system has “memory” in the form of the internal
degrees of freedom, making the consecutive transitions not
statistically independent. Therefore, additional care should
be taken to make sure that this is a negligible effect. Numeri-
cal application of the formula above yielded identical �within
statistical error� results for v and D for k=1 and 2 for all
parameter values tested. This means that such memory ef-
fects are indeed negligible, and one can apply the relation
above, taking k=1. For each data point, the results were
based on at least 1000 transitions by L.

For simplicity, we focus on the specific potential

U�x� =

U

2
cos

2	x

L
�26�

with fixed corrugation depth 
U=10T and unit periodicity,
L=1. In terms of the Fourier expansion from �12�, the only
nonzero Fourier components are thus u1=u−1=
U /4. Both
the thermal energy T and the friction coefficient � are also
set to unity. Furthermore, we use the all-to-all harmonic cou-
pling from �23�.

A. Dependence on the tilt

Figure 1 shows the dependence of velocity and diffusion
coefficient on the bias for the asymptotic cases considered in
Sec. III �see Eqs. �14� and �22��, and for the intermediate
cases �=100 and 200. Depicted are results for the dimer

INTERACTION-CONTROLLED BROWNIAN MOTION IN A … PHYSICAL REVIEW E 79, 011116 �2009�

011116-3



�N=2�, while other values of N �not shown� produced similar
curves.

For all values of the coupling constant, two regimes can
be distinguished. At high value of the bias F, the spatial
modulation of the potential is negligible. In this regime, the
velocity asymptotically approaches F /� and the diffusion
coefficient converges toward T / ��N�. In the opposite regime
of small bias F, the dynamics is governed by thermally ac-
tivated transitions between local potential wells, leading for
both the velocity and the diffusion to very small values with
an approximately Arrhenius-type, exponential increase with
F. These two regimes are separated by the critical bias

Fc = 	
U/L , �27�

at which the barriers of the tilted periodic potential just dis-
appear, degenerating into flat regions.

At F�Fc, the diffusion coefficient exhibits a maximum.
This maximum can be understood as follows. Instead of a
single system, let us consider an ensemble of many noninter-
acting replicas of the system. If the tilt exceeds the value Fc,
all members of the ensemble are sliding down with approxi-
mately the same velocity around F /�. On the other hand, for
F values much smaller than Fc, most of the members are

trapped in the potential minima, with only a small fraction
performing a thermally activated interwell jump at each mo-
ment of time. But in the critically tilted case, a notable part
of the replicas will remain in the flat regions of the potential
and have zero velocity �up to small thermal fluctuations�
while the others will perform a downhill motion with a large
velocity. This means that the spreading of the ensemble will
proceed faster than in the overcritically tilted regime, when
all the replicas are in the running state, and also faster than in
the subcritical case, when the interwell transitions are rare
events.

Conversely, if one considers velocity and diffusion coef-
ficient as functions of the barrier height 
U �or, equivalently,
the value of Fc� at a fixed nonzero F value, then the former
will be a decreasing function of the potential amplitude with
a maximum vmax=F /� at 
U=0, and the latter will exhibit a
nonmonotonic behavior. Namely, the diffusion coefficient
will grow with 
U until the corresponding critical force Fc
from Eq. �27� will reach the value of the tilt F, and then start
to decrease upon further increase of the potential amplitude
in the regime of subcritical tilt.

B. Dependence on the coupling strength

So far our discussion has been mainly focused on the
situation when the many-particle array could be described as
an effective one-particle system with properly renormalized
potential and temperature. Yet, finite coupling strengths are
expected to lead to additional interesting effects which are
captured neither by the weak-coupling �14� nor strong-
coupling �22� asymptotics.

To study these effects, we now turn to the dependence of
the velocity and diffusion coefficient on the coupling
strength. Figure 2 illustrates the results of numerical simula-
tion of Eq. �2�. As before, we focus on the case of a dimer,
N=2, since the results for larger particle numbers were quali-
tatively the same.

Figure 2 shows the velocity and diffusion coefficient for a
dimer in the potential with the same parameters as before,
tilted with the force F=22�0.7Fc. The two sets of curves
correspond to the dimer rest length a=0 �filled circles� and
L /2 �open circles�.

For small coupling constant �, the diffusion properties of
the dimer practically do not depend on the rest length and are
given by Eq. �14�. At large �, on the other hand, the system
behaves as a single Brownian particle in the effective poten-
tial �19�, whose modulation depth equals 0 for a=L /2.
Therefore, the velocity of the dimer with the rest length a
=L /2 increases monotonically from the single-particle value
given by Eq. �14� to the value F /�. On the other hand, for
a=0, the amplitude of the effective potential is the same as
in the noninteracting case, i.e., 
U, but the effective tem-
perature in �18� is twice as small. Therefore, the probability
of the interwell transitions become exponentially suppressed
due to the Arrhenius factor, and the velocity drops from the
same initial value to a smaller value.

Interestingly, in between the two extremes, the velocity of
the dimer of zero rest length as a function of the coupling
strength develops a maximum at some intermediate � value

FIG. 1. Velocity and diffusion coefficient �9� vs tilt F for a
dimer �N=2�, satisfying �2� with �8� and �26�, �=T=L=1, 
U
=10, vanishing equilibrium interparticle separation �a=0�, and dif-
ferent values of the coupling constant �. According to �27�, the
critical tilt is Fc=31.4. . .. Dashed lines: Analytical results �14� for
asymptotically small �. Solid lines: Analytical results �22� for as-
ymptotically large �. Filled and empty circles: Numerical results for
�=100 and 200, respectively. The numerical uncertainty is quanti-
fied by the small erratic deviations from a smooth behavior. For still
smaller and larger � values �not shown�, the numerically obtained
results approach the corresponding analytical asymptotics.
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comparable to the second derivative of the host potential at a
minimum �see the inset in Fig. 2�a��. This behavior is remi-
niscent of the results reported in Ref. �7�, although the un-
derlying physical mechanism is quite different. The nature of
this nonmonotonicity is the correlated character of the jumps
of the two dimer components between the minima of the
tilted periodic potential. We propose that the following sim-
plified picture captures the main qualitative features of the
effect.

The motion essentially proceeds in steps as shown in Fig.
3. For a small but finite �, the “downhill” transition of the
dimer consists of two stages. In the first stage, the system

finds itself in the “ground state,” where both components are
found within one of the minima, x0, of the tilted periodic
potential U�x�−Fx. At some point, one of the particles, the
“leader,” performs a thermally activated transition into the
next minimum, while the second particle, the “follower,” re-
mains in the previous potential well. The characteristic time
for this process can be estimated as the mean first passage
time ��xi→xf ;z� for one particle to go from the initial posi-
tion xi to the final position xf �xi, provided that the other
particle is at a fixed position z:

��xi → xf ;z� =
�

T
�

xi

xf

dx e�U�x�−Fx+��/2��x − z�2�/T


 �
−�

x

dy e−�U�y�−Fy+��/2��y − z�2�/T. �28�

The average time of entrance from the “ground state” to the
“first excited state” in Fig. 3 is approximately ��x0→x0
+L ;x0�. Similarly, the transition of the “follower” into the
next potential well takes approximately ��x0→x0+L ;x0+L�.
The resulting velocity is inversely proportional to the aver-
age time to cover one spatial period L:

v =
2L

��x0 → x0 + L;x0� + ��x0 → x0 + L;x0 + L�
, �29�

where the factor 2 in the numerator accounts for the fact that
any of the two particles can assume the role of the leader.

The formula �29� is rather crude, as it does not capture
many important features. In particular, it assumes that one of
the particles remains stationary during the second particle’s
transition into the next minimum. Furthermore, it approxi-
mates the true positions of the particles in different potential
wells with the respective minima of the tilted periodic poten-
tial. Finally, this approach neglects the possibility of multiple
transitions performed by either particle.

Despite all these approximations, Eq. �29� still reproduces
qualitatively correctly the behavior of velocity with the cou-
pling constant, in particular, the fact that v is maximized at
some � value �see Fig. 2�. Accordingly, we can understand
this maximum as resulting from the competition between
two effects: on the one hand, the presence of the follower
hinders the transition of the leader into the next potential
well, increasing ��x0→x0+L ;x0�; on the other hand, once
the leader makes such a transition into the next well, it is
easier for the follower to get there, thus reducing the second
contribution to the total time, ��x0→x0+L ;x0+L�.

It is interesting to observe that the diffusion coefficient is
also maximized at the coupling strength of the order of the
second derivative of the tilted periodic potential at a mini-
mum. Similar to the diffusion enhancement with respect to
the tilt �see Sec. IV A�, the diffusion maximum marks the
boundary between the two modes of the dimer motion char-
acterized by substantially different velocities—the uncorre-
lated jumps realized at weak coupling and completely corre-
lated motion at large �. At the intermediate coupling
constants, both modes can be realized, meaning that in a

FIG. 2. Velocity and diffusion coefficient vs coupling constant �
for the same system as in Fig. 1 with a fixed tilt F=22 and a dimer
rest length of a=0 �filled circles� and L /2 �empty circles�. Horizon-
tal lines correspond to the analytical results for asymptotically small
and large � from �14� and �22�, respectively. The inset in �a� shows
the velocity for a=0 together with the results of the analytic ap-
proximation �29�.

FIG. 3. Model of dimer motion in a tilted periodic potential.
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large ensemble of the noninteracting system replicas, there
will be a large spreading of velocities, resulting in the en-
hanced diffusion coefficient.

C. Dependence on the interparticle separation

If the strength of coupling between the constituents is
weak, the effect of the equilibrium interparticle separation a
on the diffusion properties is insignificant �cf. Sec. IV A and
Fig. 4�. Therefore, we will consider only the case of rigid
coupling; for finite but still strong coupling between the par-
ticles, we numerically verified �not shown� that the main
qualitative features discussed below are preserved.

In view of the symmetry property �24�, we will focus on
a� �0,L�. Due to the invariance under a�L−a it is in prin-
ciple even sufficient to consider a� �0,L /2�, but for the sake
of better visualization of the essential features, the full range
a� �0,L� will be plotted and discussed.

Figure 4 shows the velocity �a� and the diffusion coeffi-
cient �b� for a system of N=5 rigidly coupled Brownian par-
ticles as a function of a for several different tilt values. It is
clear from Fig. 4�a� that the velocity as a function of a has
four peaks, and these peaks become less and less pronounced
as the tilt F is increased. With respect to the diffusion coef-

ficient, it exhibits a more complicated multipeaked structure,
Fig. 4�b�: not only the positions and heights of the diffusion
peaks, but also their number depend on the value of the
applied tilt.

To understand this behavior, it is instructive to consider
how the critical force corresponding to the effective periodic
potential �20� depends on the interparticle separation a. It
follows from Eqs. �20�, �21�, and �27� that the effective criti-
cal force is proportional to the amplitude �ũ1� of the effective
potential:

F̃c =
4	

L
�ũ1� =

	
U

LN
� sin�	Na/L�

sin�	a/L�
� . �30�

This dependence is shown in Fig. 4�c�. The amplitude of the
effective potential vanishes at N−1 values of a=kL /N, k
=1,2 , . . . ,N−1. Since the velocity of the system decreases

with F̃c� �ũ1� and attains the largest value vmax=F /� when

�ũ1�=0, to each zero of F̃c there corresponds a velocity maxi-

mum, and at each maximum of F̃c the velocity is minimized.
For a system consisting of N particles, we therefore expect
N−1 velocity maxima located at a=kL /N, k=1, . . . ,N−1.

For convenience of further discussion, we divide the
whole domain of a� �0,L� into N equal regions of size L /N,
with the kth region being defined as ��k−1�L /N ,kL /N�, k
=1, . . . ,N. For the special case N=5, these regions are
marked with numbers in Fig. 4�b�. In each such region, the

dependence of F̃c on a has a single maximum. This maxi-
mum is located approximately in the “middle” of the regions
with numbers 2 , . . . ,N−1, while in the first and the last re-
gions, the maxima coincide with the region boundaries �see

Fig. 4�c��. The heights of the F̃c maxima in different regions,
in general, are different.

At zero tilt value, F=0, the diffusion coefficient is maxi-
mized at exactly the same N−1 values of the interparticle
separation as the velocity, i.e., at a /L=1 /N , . . . , �N−1� /N,
where D=T / ��N�. For other values of a, the untilted peri-
odic potential possesses barriers hindering the diffusive mo-
tion of the system. The dependence of D on a at zero tilt is
shown in Fig. 4�b� as a solid black line.

For a small but finite value of the applied bias F�0, each
of these maxima splits into two peaks. To understand this
behavior, we note that for a small but finite bias, depending
on the value of a, the system can be tilted either overcriti-
cally, or subcritically. The former situation is realized at
those values of the interparticle separation a, for which

F̃c�a��F, and the latter for F̃c�a��F. At each value of a
where the effective critical force approximately equals the
applied bias,

F̃c�a� = F , �31�

the system finds itself in a critically tilted potential, where
the diffusion coefficient is maximized; see the discussion at
the end of Sec. IV A. It is impossible to find the solution of
Eq. �31� analytically for an arbitrary N, but graphically the

solution corresponds to the intersection of the curve F̃c�a�
with the straight line at the level of the tilt F �see Fig. 4�c��.

FIG. 4. �Color online� �a� Mobility v /F and �b� diffusion coef-
ficient D from �22� for a system of N=5 rigidly coupled Brownian
particles vs equilibrium interparticle separation a at different values
of the tilt F. Solid red line, F=4; dashed green line, F=7; dotted
blue line, F=10; dash-dotted cyan line, F=35. In �b�, the solid
black curve corresponds to the diffusion coefficient at zero tilt, F
=0. All other parameter values are the same as in Fig. 1. �c� The
critical force �30� corresponding to the effective potential �19�. The
four horizontal lines correspond to the above specified four values
of the applied bias F.
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At small tilt values, we have 2�N−1� solutions of Eq. �31�
in the domain 0�a�L, with two solutions in the N−2
middle regions, and one solution in each of the end regions
with numbers 1 and N. Correspondingly, we have 2�N−1�
maxima of the diffusion coefficient. In our numerical ex-
ample, this situation is realized at F=4 �solid red line� in Fig.
4�b�.

The N maxima of F̃c vs a in Fig. 4�c� are not of the same
height: the one in the region 3 is somewhat smaller than
those in regions 2 and 4, and the maxima in the end regions
1 and 5 are the largest. This means that for a tilt value
slightly exceeding the maximal F̃c in region 3, but smaller
than the maximal critical tilt in all other regions, the system
is supercritically tilted in the third region at all values of a,
whereas in other regions, it can be tilted either super- or
subcritically, depending on a. Correspondingly, the two dif-
fusion maxima in region 3 merge into a single one located at
that value of a at which F̃c is the largest. In regions 2 and 4,
the diffusion coefficient still has two maxima, approximately
corresponding to the two solutions of Eq. �31� in those re-
gions. This situation is realized at F=7 �dashed green line� in
Fig. 4�b�.

Upon further increase of the applied force F we enter the
regime in which the system is overcritically tilted every-
where but in the end regions. Then, in the middle regions
2 , . . . ,N−1, we have a single diffusion peak, whose height
gets smaller and smaller upon increasing the tilt. This situa-
tion is realized at F=10 and shown as a blue dotted line in
Fig. 4�b�. Only in the end regions 1 and N does Eq. �31� have
a solution at a nonzero value of a, resulting in a diffusion
maximum around that value.

Finally, at very large bias, Eq. �31� does not have a solu-
tion in any a-region and remains overcritically tilted for all
values of a. The diffusion coefficient in this case has N rather

small maxima, corresponding to N maxima of F̃c in each
region �see Fig. 4�b�, dash-dotted cyan line corresponding to
F=35�. These maxima become less and less pronounced as F
increases.

For N�5 one recovers analogous scenarios with essen-
tially the same main features, while for N�5 some impor-
tant features are missing.

V. CONCLUSIONS

We have investigated the behavior of N coupled, over-
damped Brownian particles in a tilted periodic potential both
analytically and numerically. Analytic results for the center
of mass velocity and diffusion coefficient have been obtained
in the asymptotic limits of weak and strong coupling by way
of reducing the many-particle problem to an effective single-
particle dynamics with renormalized temperature and peri-
odic potential.

The dependence of the transport properties of the many-
particle system on the tilt does not differ qualitatively from
that in the single-particle case. At the same time, when
viewed as functions of the coupling parameters, the velocity
and diffusion coefficient exhibit several interesting peculiari-
ties.

Due to the enhanced synchronization of the interwell tran-
sitions of the individual particles, both velocity and diffusion
coefficient can be maximized with respect to the coupling
strength. Furthermore, for sufficiently large coupling
strengths, the velocity as a function of the equilibrium inter-
particle separation of an N-particle system exhibits N−1
maxima, while the number of maxima of the diffusion coef-
ficient, as well as their positions and heights depend on the
applied tilt. More precisely, there are N−1 diffusion maxima
for zero tilt, while for small but finite tilt value, each of these
maxima splits into two, resulting in 2�N−1� diffusion peaks.
Further increase of tilt leads to sequential merging of the
N−2 adjacent peak pairs, so that for sufficiently large bias,
the number of diffusion peaks is N.
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